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1 Main theorem
We first recall the definition of the function space of bounded variation. Let N\geq 2 . The
total variation of  u\in L^{1}(\mathbb{R}^{N}) is given by
 V(u)( \mathbb{R}^{N}) :=\sup\{\int_{R^{N}}udiv\psi|\psi\in C_{c}^{1}(\mathbb{R}
^{N}, \mathbb{R}^{N}), \Vert\psi\Vert_{L(R^{N},R^{N})}\infty\leq 1\} ,
where   1\psi\Vert_{L(\mathbb{R}^{N}R^{N})}\propto  := \max_{1\leq i\leq N}\Vert\psi_{i}\Vert_{L(R^{N})}\propto for  \psi=  (\psi_{1} , \psi_{N})\in C_{c}^{1}(\mathbb{R}^{N}, \mathbb{R}^{N}) . We
say  u\in BV(\mathbb{R}^{N}) if  u\in L{\imath}  (\mathbb{R}^{N}) and  V(u)(\mathbb{R}^{N})<+\infty.
Let  1<q \leq N'(:=\frac{N}{N-{\imath}}) and  \alpha>0 . We consider the attainabiıity of maximizing
problems  D_{\alpha,q} and  \tilde{D}_{\alpha,q} defined by
 D_{\alpha,q}:=u\in BV(R^{N}) .   \sup_{\Vert u\Vert_{L^{{\imath}}(P^{N})}+V(u)(\mathbb{R}^{N})=1}(\Vert u\Vert_
{L^{1}(R^{N})}+\alpha\Vert u\Vert_{L^{q}(\mathbb{R}^{N})}^{q})
and
  \tilde{D}_{\alpha,q}:=\sup_{u\in W^{11}(\mathbb{R}^{N}),\Vert u\Vert_{L^{1}(R^
{N})}+\Vert\nabla u\Vert_{L^{{\imath}}(R^{N})}=1}(\Vert_{U}\Vert_{L^{1}(R^{N})}+
\alpha\Vert u\Vert_{L^{q}(\mathbb{R}^{N})}^{q})
Introduce the best‐constant  GN_{q}>0 of the Gagliardo‐Nirenberg type inequality defined by
 GN_{q}:= \sup_{u\in BV(\mathbb{R}^{N})\backslash \{0\}}GN_{q}(u):=.\sup_{\in BV
(R^{N})\backslash \{0\}}\frac{\Vert u\Vert_{L(R^{N})}^{q}q}{\Vert u\Vert_{L^{1}
(R^{N})}^{q-(q-1)N}V(u)(\mathbb{R}^{N})^{(q-1)N}}
Also define  \alpha_{q}^{*}\geq 0 by
  \alpha_{q}^{*}:=\inf_{u\in BV(R^{N}),\Vert u\Vert_{L^{1}(R^{N})}+V(U)
(\mathbb{R}^{N})=1}\frac{1-\Vert u||_{L^{{\imath}}(R^{N})}}{\Vert u\Vert_{L^{q}(
\mathbb{R}^{N})}^{q}}.
Theorem 1 1.( Sub-critica1ca.(i)When1<q<\frac{N+1}{s\alpha N}isattained f or \cdot all\alpha>0.When\frac{N+ise)}{ainN}\leq q<N',there.d ll \alpha>\alpha_{q}^{*},wh_{i}leD_{\alpha q^{iS}}notattedforall\alpha<\alpha_{q}^
{*}q*thhld=0,andD_{\alpha q}>0,andD_{\alpha,q^{i}}sattained f or
(ií) When  q= \frac{N+1}{N},  D_{\alpha_{q}q} is not attained. When   \frac{N+1}{N}<q<N',  D_{\alpha_{q}^{*}q} is attained.
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(iii) The values of  \alpha_{q}^{*} are computed as
 \alpha_{q}^{*}=\{   \frac {}{}whenq=\frac{N}{-}\frac{0_{1}GN_{q}1}{GN_{q}}when1<q<\frac{N+1}{N^{+
1},(N+{\imath} N(q-}(qN-(N+1))^{qN)}(N-q(N-1))^{N-q(N-1)\rangle}{\imath})^{q-1} when   \frac{N+{\imath}}{N}<q<N'.
(iv) There holdb  GN_{q}=  ( \frac{1}{N^{N-1}\omega_{N-1}})^{q-1} for  1<q\leq N'.
Theorem 1.2 (Critical case). There hold
 \alpha_{N}^{*},  = \frac{1}{GN_{N}}=N\omega^{\frac{1}{N-1N-1}} and  D_{\alpha,N'}= \max\{1, \alpha GN_{N'}\},
and  D_{\alpha,N'} is not attained for all  \alpha>0.
Theorem 1.3. Let  1<q\leq N' . Then there holds  D_{\alpha,q}=\overline{D}_{\alpha,q} , and  \overline{D}_{\alpha,q}i_{6} not attained
for  \cdot all  \alpha>0.
Theorem 1.4. Assume one of the following conditions
(i)  1<q< \frac{N+1}{N} and  \alpha>0 , (ii)  q= \frac{N+1}{N} and  \alpha>\alpha_{q}^{*},  (ii_{i}) \frac{N+1}{N}<q<N ’ and  \alpha\geq\alpha_{q}^{*}
Then there exists  R>0 depending on  N,  q and  \alpha such that the function
  \frac{N}{\omega_{N-1}R^{N-1}(N+R)}\chi_{B_{R}(x_{0})} (1.1)
is a maximizer of  D_{\alpha,q} for all  x_{0}\in \mathbb{R}^{N} . Moreover, the function (1.1) is a unique maximizer
of  D_{\alpha,q} except for the translation.
2 Preliminaries
Let  N\geq 2 and  1<q\leq N' . Introduce the best‐constants  GN_{q} and  G^{-}N_{q} of the
Gagliardo‐Nirenberg type inequalities based on  BV(\mathbb{R}^{N}) and  W^{1,1}(\mathbb{R}^{N}) respectively by
 GN_{q}  :=   \sup  GN_{q}(u) and  G^{-}N_{q}  :=   \sup  G\tilde{N}_{q}(u) ,
 u\in BV(R^{N})\backslash \{0\} u  \in Wı 1  (R^{N})\backslash \{0\}
where
 GN_{q}(u)  := \frac{||u||_{q}^{q}}{\Vert u\Vert_{1}^{q-(q-1)N}V(u)^{(q-1)N}} for  u\in BV(\mathbb{R}^{N})\backslash \{0\}
and
 G\tilde{N}_{q}(u)  := \frac{\Vert u||_{q}^{q}}{\Vert u\Vert_{1}^{q-(q-1)N}||\nabla 
u\Vert_{{\imath}}^{(q-1)N}} for  u\in W^{11}(\mathbb{R}^{N})\backslash \{0\}.
Our goal in this section is to prove the following proposition.
Proposition 2.1. Let  1<q\leq N'.
(i) There holds  GN_{q}=G \tilde{N}_{q}=(\frac{-11}{N\omega_{N-1}})^{q-1}
(ii)  GN_{q} is attained by functions of the form  u=\lambda\chi_{B}\in BV(\mathbb{R}^{N}) for  \lambda\in \mathbb{R}\backslash \{0\} and a
ball  B\subset \mathbb{R}^{N} Moreover, the maximizer of  GN_{q} necebbarily has this form.
(iii)  G^{-}N_{q} is not attained in  W^{1.1}(\mathbb{R}^{N})\backslash \{0\}.
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Proof. First, recall the facts that it holds  GN_{N^{f}}=\neg 1 and  GN_{N'} is attained only by
 N\omega_{N-1}^{\overline{N-1}}
functions of the form  u=\lambda\chi_{B}\in BV(\mathbb{R}^{N}) for  \lambda\in \mathbb{R}\backslash \{0\} and a ball  B\subset \mathbb{R}^{N}.
(i) By  H\ddot{o} lderis inequality and Sobolev  s inequality, we have for  u\in BV(\mathbb{R}^{N})
 \Vert u\Vert_{q}^{q}\leq\Vert u\Vert_{1}^{q-(q-1)N}\Vert u\Vert_{N}^{(q-1)N}
  \leq\Vert u\Vert_{1}^{q-(q-1)N}(\frac{1}{N\frac{N-{\imath}}{N}\omega_{-1}
^{\frac{1}{NN}}}V(u))^{(q-1)N}=(\frac{1}{N^{N-1}\omega_{N-1}})^{q-} ı  \Vert u\Vert_{1}^{q-(q-1)N}V(u)^{(q-1)N},
which implies   GN_{q}\leq  ( \frac{-11}{N\omega_{N-1}})^{q-1} Let  u_{0}=\chi_{B_{1}(0)}  \in BV(\mathbb{R}^{N}) . Then we can
  com(\Vert_{1}=(\frac{pute\Vert u1}{N^{N-1}\omega_{N1}})^{q-1}\Vert u_{0}\Vert_
{q}^{q}=\frac{\omega_{N-1}}{N} and  V(u_{0})=\omega_{N} ‐ı, and then we observe  GN_{q}(u_{0})=Hence,  u_{0} is a maximiLer of  GN_{q} and it follows  GN_{q}=( \frac{1}{N^{N-1}\omega_{N-1}})^{q-1}
Next, we prove  GN_{q}=G^{-}N_{q} . It is enough to show  GN_{q}\leq G^{-}N_{q} since the converse
inequality is obtained by the facts  W^{1} ı  (\mathbb{R}^{N})\subset BV(\mathbb{R}^{N}) and ll  \nablaullı  =V(u) for   u\in
 W^{1}1(\mathbb{R}^{N}) . Let  u_{0}\in BV(\mathbb{R}^{N})\backslash \{0\} be a maximizer of  GN_{q} , where note that the existence
of  u_{0} is already seen as above. By an approximation argument, there exists a sequence
 \{u_{n}\}_{n=1}^{\infty}\subset BV(\mathbb{R}^{N})\cap C^{\infty}(\mathbb{R}
^{N}) such that  u_{n}arrow u_{0} in Lı  (\mathbb{R}^{N}) and  V(u_{n})arrow V(u_{0}) , and up to
a subsequence,  u_{n}arrow u_{0} a.e. on  \mathbb{R}^{N} . We observe that  u_{n}\in W^{1.1}(\mathbb{R}^{N}) with  V(u_{n})=\Vert\nabla u_{n}\Vert_{1}.
Indeed, by using the fact that thete holds  V(v)( \Omega)=\int_{\Omega}|\nabla v| for any  v\in BV(\Omega)\cap c\propto(\Omega)
with a bounded domain having its sufficiently smooth boundary, we see
 V(u_{n})= \sup_{R>0}V(u_{n})(B_{R})=\sup_{R>0}\int_{B_{R}}|\nabla u_{n}|=
\lim_{Rarrow\infty}\int_{B_{R}}|\nabla u_{n}|=\Vert\nabla u_{n}\Vert_{1}<+
\infty,
where the last equality is shown by Lebesgue  s monotone convergence theorem. Then it
holds  u_{n}\neq 0 in  W^{1,1}(\mathbb{R}^{N}) for large  n\in \mathbb{N} since  \Vert\nabla u_{n}\Vert_{1}=V(u_{n})arrow V(u_{0})>0 as  narrow\infty.
Now we see by the convergences of  u_{n} together with Fatou’s lemma,
 GN_{q}=GN_{q}(u_{0}) \leq{\imath} im\inf_{narrow\infty}GN_{q}(u_{n})
\leq\lim_{narrow}\sup_{\infty}GN_{q}(u_{n})=1\dot{{\imath}}m\sup_{narrow\infty}
G^{-}N_{q}(u_{n})\leq G^{-}N_{q}.
Thus the assertion (i) has been proved.
(ii) Let  u_{0}=\lambda\chi_{B}\in BV(\mathbb{R}^{N}) for  \lambda\in \mathbb{R}\backslash \{0\} and a ball  B=B_{R}(x_{0}) with a radius  R>0
centered at  x_{0}\in \mathbb{R}^{N} Then we can compute
  \Vert u_{0}\Vert_{1}=|\lambda|R^{N}\frac{\omega_{N-1}}{N},   \Vert u_{0}\Vert_{q}^{q}=|\lambda|^{q}R^{N}\frac{\omega_{N-1}}{N} and  V(u_{0})=|\lambda|R^{N-{\imath}}\omega_{N-1},
and thus these relations together with the assertion (i) show  GN_{q}(u_{0})=( \frac{{\imath}}{N^{N-1}\omega_{N-l}})^{q-1}=
 GN_{q} . Hence,  u_{0} is a maximizer of  GN_{q}.
Next, assume that  GN_{q} is attained by  u_{0}\in BV(\mathbb{R}^{N})\backslash \{0\} . Then by Hölder  s inequality,
Sobolev inequality and the assertion (i), we have
 ( \frac{1}{N^{N-1}\omega_{N-1}})^{q-1}=GN_{q}=GN_{q}(u_{0})
  \leq GN_{N'}(u_{0})^{(q-1)(N-1)}\leq GN_{N}^{(q-1)(N-1)}=(\frac{1}{N^{N-1}
\omega_{N-1}})^{q-1}
which shows that  u_{0} is a maximizer of  GN_{N'} Hence,  u_{0}=\lambda\chi_{B} for some  \lambda\in \mathbb{R}\backslash \{0\} and a
ball  B\subset \mathbb{R}^{N} . The assertion (ii) has been proved.
(iii) By contradiction, assume that  G^{-}N_{q} is attained by  u_{0}\in W^{11}(\mathbb{R}^{N})\backslash \{0\} . Then the
assertion (i) and the facts  W^{1,1}(\mathbb{R}^{N})\subset BV(\mathbb{R}^{N}) and  \Vert\nabla u\Vert_{1}=V(u) for  u\in W^{1_{t}1}(\mathbb{R}^{N})
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imply that  u_{0}\in BV(\mathbb{R}^{N})\backslash \{0\} is a maximiLer of  GN_{q} . Then the assertion (ii) shows that
 u_{0}=\lambda\chi_{B} for  \lambda\in \mathbb{R}\backslash \{0\} and a ball  B\subset \mathbb{R}^{N} , which is a contradiction to  u_{0}\in W^{1,1}(\mathbb{R}^{N}) .
The assertion (iii) has been proved.  \square 
Proposition 2.2. Let  1<q\leq N ’ and  \alpha>0 . Then there hold
 D_{\alpha,q}= \sup_{t>0}f_{\alpha}(t) and   \alpha_{q}^{*}=\frac{1}{GN_{q}}\dot{{\imath}}nfg(t)t>0 ’
where
 f_{\alpha}(t)  := \frac{(1+t)^{q-1}+\alpha GN_{q}t^{(q-1)N}}{(1+t)^{q}} and  g(t)  := —t(tl(q +‐tı))Nq‐1
for  t>0 . Furthermore, the values of  \alpha_{q}^{*} are computed as
 \alpha_{q}^{*}=\{\begin{array}{ll}
\frac{0_{1}}{GN_{q}}whenq=\frac{N}{}when1<q<\frac{N+1}{N^{+1}N},   
\frac{1}{GN_{q}}(qN-(N+1))^{qN-(N+1)}(N-q(N-1))^{N-q(N-}(q-1)^{q-1} {\imath})   
when \frac{N+1}{N}<q<N',
\frac{1}{GN_{q}} when q=N'.   
\end{array}
Proof. For  u\in BV(\mathbb{R}^{N}) with llullı  +V(u)=1 , we see
 \Vert u\Vert_{1}+\alpha\Vert u\Vert_{q}^{q}\leq\Vert u\Vert_{1}+\alpha GN_{q}
\Vert u\Vert_{1}^{q-(q-1)N}V(u)^{(q-1)N}
 = \frac{\Vert u\Vert_{1}(\Vert u\Vert_{1}+V(u))^{q-1}+\alpha GN_{q}\Vert 
u\Vert_{1}^{q-(q-1)N}V(u)^{(q-1)N}}{(||u\Vert_{1}+V(u))^{q}}
 = \frac{(1+\frac{V(u)}{\Vert u\Vert_{1}})^{q-{\imath}}+\alpha GN_{q}(\frac{V(u)
}{\Vert u\Vert_{1}})^{(q-1)N}}{(1+\frac{V(u)}{\Vert u||_{1}})^{q}}
 =f_{\alpha}( \frac{V(u)}{\Vert u\Vert_{1}})\leq\sup_{t>0}f_{\alpha}(t) ,
which implies  D_{\alpha,q} \leq\sup_{t>0}f_{\alpha}(t) . On the other hand, let  v\in BV(\mathbb{R}^{N})\backslash \{0\} be a maximizer
of  GN_{q} , where the existence of  v is guaranteed by Proposition 2.1 (ii). For any  \lambda>0 , let
 v\lambda(x)  :=\lambda v(\lambda^{\frac{1}{N}}x) and
 w_{\lambda}(x):= \frac{v_{\lambda}(x)}{\Vert v_{\lambda}\Vert_{{\imath}}+
V(v_{\lambda})}=\frac{\lambda v(\lambda^{\frac{1}{N}}x)}{\Vert v\Vert_{1}+
\lambda^{\frac{{\imath}}{N}}V(v)}
Then for any  \lambda>0,
 D_{\alpha,q}\geq\Vert w_{\lambda}\Vert_{1}+\alpha\Vert w_{\lambda}\Vert_{q}^{q}
 = \frac{\Vert v\Vert_{{\imath}}}{\Vert v\Vert_{1}+\lambda^{\frac{1}{N}}V(v)}+
\alpha\frac{\lambda^{q-1}||v\Vert_{q}^{q}}{(\Vert v\Vert_{{\imath}}+
\lambda^{\frac{1}{N}}V(v))^{q}}
 =— ( ı  +\lambda   \frac{1}{N}\frac{V(v)}{\Vert v||_{1}})^{q-{\imath}}+\alpha GN_{q}
(\lambda^{\frac{1}{N}}\frac{V(v)}{\Vert v||_{1}})^{(q-1)N}(1+\lambda^{\frac{1}
{v}}\frac{V(t,)}{\Vert v||_{1}})^{q}





Thus there holds  D_{\alpha_{i}q}= \sup_{t>0}f_{\alpha}(t) .
Next, for  u\in BV(\mathbb{R}^{N}) with  \Vert u\Vert_{1}+V(u)=1 , we see
  \frac{1-\Vert u\Vert_{1}}{\Vert u||_{q}^{q}}\geq\frac{1-\Vert u\Vert_{1}}
{GN_{q}\Vert u\Vert_{1}^{q-(q-1)N}V(u)^{(q-1)N}}
 = \frac{1}{GN_{q}}\frac{(\frac{V(u)}{\Vert u\Vert_{1}})(1+\frac{V(u)}{\Vert 
u||_{1}})^{q-1}}{(\frac{V(u)}{\Vert u\Vert_{1}})^{(q-1)N}}=\frac{1}{GN_{q}}
g(\frac{V(u)}{\Vert u\Vert_{1}})\geq\frac{1}{GN_{q}}\inf_{t>0}g(t) ,
which implies   \alpha_{q}^{*}\geq\frac{1}{GN_{q}}\inf_{t>0}g(t) . On the other hand, let  v\in BV(\mathbb{R}^{N})\backslash \{0\} be a maximizer
of  GN_{q} and define  w_{\lambda} for  \lambda>0 as above. Then we see for  \lambda>0,












Thus there holds   \alpha_{q}^{*}=\frac{1}{GN_{q}}\inf_{t>0}g(t) .
Next, we compute the values of  \alpha_{q}^{*} . Since we have proved   \alpha_{q}^{*}=\frac{1}{GN_{q}}\inf_{t>0}g(t) , it is
enough to manipulate   \inf_{t>0}g(t) . First, let  1<q< \frac{N+1}{N} . In this case, since  (N+1)-qN>0,
we see   \inf_{t>0}g(t)=\inf_{t>0} t(N  +ı)‐qN  (1+t)^{q-1}=0 . Next, let  q= \frac{N+1}{N} . In this case, since
 (N+1)-qN=0_{\grave{\tau}} we see   \inf_{t>0}g(t)=\inf_{t>0}(1+t)^{q-1}=1 . Next, let   \frac{N+1}{N}<q<N' . In
this case, we have  g(t)= \frac{(1+t)^{q-i}}{q\cdot-(N+1)} with  qN-(N+1)>0 and
 g'(t)= \frac{(1+t)^{q-2}}{t^{(q-1)N}} ((N- q(N-{\imath})) t-(qN-(N+1)))
Then letting  t_{0}  := \frac{qN-(N+{\imath})}{N-q(N-1)}>0 , we obtain
  \inf_{t>0}g(t)=g(t_{0})=\frac{(q-1)^{q-1}}{(qN-(N+1))^{qN-(N+1)}(N-q(N-1))^{N-
q(N-1)}}
Finally, let  q=N' . In this case, we have  g(t)= \frac{t(1+t)^{N'-1}}{t^{N^{f}}} and  g'(t)=- \frac{N'-1}{t^{N'}(1+t)^{2-N}}<0.
Hence, we obtain   \inf_{t>0}g(t)=\lim_{tarrow\infty}g(t)=1 . The proof of Proposition 2.2 is complete.
 \square 
3 Proof of main Theorems
Let  N\geq 2 . We start with the followmg lemma.
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Lemma 3.1. Let  1<q<N'.
(i) Let  \alpha>\alpha_{q}^{*} . Then  D_{\alpha,q} is attained.
(ii) Assume  \alpha_{q}^{*}>0 and let  0<\alpha<\alpha_{q}^{*} . Then  D_{\alpha,q} is not attained.
Proof. By Proposition 2.2, we see that  D_{\alpha,q} is attained if and only if   \sup_{t>0}f_{\alpha}(t) is attained.
(i) Let  \alpha>\alpha_{q}^{*} . Note that the condition  q<N' shows   \lim_{tarrow\infty}f_{\alpha}(t)=0 . By the assumption
 \alpha>\alpha_{q}^{*} and Proposition 2.2, there exists  t_{0}>0 such that   \alpha>\frac{1}{GN_{q}}g(t_{0})1 which impıies
 f_{\alpha}(t_{0})> ı  = limt  \downarrow0  f_{\alpha}(t) . Hence, sup.  >0f_{\alpha}(t) is attained.
(ii) Assume  \alpha_{q}^{*}>0 and let  0<\alpha<\alpha_{q}^{*} . By contradiction, assume that there exists
 t_{0}>0 such that   \sup_{t>0}f_{\alpha}(t)=f_{\alpha}(t_{0}) . First, note sup.  >0f_{\alpha}(t) \geq\lim_{t\downarrow 0}f_{\alpha}(t)=1 . By
the assumption  \alpha<\alpha_{q}^{*} and Proposition 2.2, we obtain   \alpha<\alpha_{q}^{*}\leq\frac{1}{GN_{q}}g(t_{0}) , which implies
 f_{\alpha}(t_{0})<1 . Then we see   1\leq sup.  >0f_{\alpha}(t)=f_{\alpha}(t_{0})<1 , which is a contradiction. Thus
  \sup_{t>0}f_{\alpha}(t) is not attained.  \square 
 toprove t  hatD_{\alpha_{q}^{*}q}isnotattained w henq=Proof o fTheorem l  .{\imath}.ByProposition 2  .1( roposition 2  2andLemma 3  l,rema\dot{{\imath}}ns\frac{Ni)\dotplus_{1}^{p}}{N},andD_{\alpha_{q}^{*}q}isattain d w   hen\frac{N+iit}{N,1},<q<
 N' . First, let  q= \frac{N+1}{N} . In this case, since  \alpha_{q}^{*}GN_{q}=1 , we obtain  f_{\alpha_{q}^{*}}(t)= \frac{(1+t)\overline{N}+t}{(1+t)^{\frac{+1}{N}}} , and
then  f_{\alpha_{q}^{*}}'(t)= \frac{N-t-N(1+t)^{\frac{1}{N}}}{N({\imath}+t)^{\frac{2N
+l}{N}}}<0 for all  t>0 . Hence,   \sup_{t>0}f_{\alpha_{q}^{*}}(t) is not attained. Next,
such a  t\alpha_{q}^{*}1et\frac{N+{\imath}}{N,th}<q=\frac{N'1}{GN_{q}}\inf_{t>0g(t)=
\frac{s\dot{{\imath}}nl}{GN_{q}}g()_{W}^{t\downarrow 0}hichgivesf_{\alpha}
*(t_{0})=1Ontheotherhand,by}<.Inthiscase,ce\lim_{t_{0}},g(t)=1\dot{{\imath}}
m_{tarrow\infty}g(t)=. \infty, there e  x\dot{{\imath}}stst_{(J}>0
noticing   \lim_{tarrow\infty}f_{\alpha_{q}^{*}}(t)=0 by the condition  q<N' togetlıer with   \lim_{t\downarrow 0}f_{\alpha_{q}^{*}}(t)=1 , we see
that   \sup_{t>0}f_{\alpha_{q}^{*}}(t) is attained. Thus Theorem 1.1 ha. s been proved.  \square 
Proof of Theorem 1.2. By Pıoposition 2.2, we already proved  \alpha_{N}^{*},  = \frac{1}{GN_{N}} . Hence, we
show  D_{\alpha,N^{f}}= \max\{1, \alpha GN_{N'}\} , and  D_{\alpha,N'} is not attained for all  \alpha>0 . In this case, we
have
 f_{\alpha}(t)= \frac{(1+t)^{N'-1}+\alpha GN_{N^{f}}t^{N'}}{(1+t)^{N}} and  f_{\alpha}'(t)= \frac{t^{N'-1}}{(1+t)^{N+1}}(\alpha N' GN_{N^{f}}-(\frac{1+t}
{t})^{N'-1})
We distinguish between two cases. When   \alpha\leq\frac{1}{N'GN_{N}/} , we obtain  f_{\alpha}'(t)<0 for all  t>0,
and hence,   \sup_{t>0}f_{\alpha}(t) is not attained. Also, in this case, we see  D_{\alpha,N^{l}}= sup.  >0f_{\alpha}(t)=
  \lim_{t\downarrow 0}f_{\alpha}(t)=1=\max\{1, \alpha GN_{N'}\} . When   \alpha>\frac{1}{NGN_{N^{f}}} , by putting  t_{0}  := \frac{1}{(\alpha NGN_{N'})^{N\overline{-}1}-1}>
 0 , we see that  f_{\alpha} is strictly decreasing in  (0, t_{0}) and strictly increasing in  (t_{0}, \infty) , and
therefore,   \sup_{t>0}f_{\alpha}(t) is not attained. Also, in this case, we see  D_{\alpha,N'}= \sup_{t>0}f_{\alpha}(t)=
  \max\{\lim_{t\downarrow 0}f_{\alpha}(t), \lim_{tarrow\infty}f_{\alpha}(t)\}=
\max{  1 , or  GN_{N'} }. The proof of Theorem 12 is com‐
plete.  \square 
Proof of Theorem 1.3. Let  1<q\leq N' and  \alpha>0 . First, we prove  D_{\alpha q}=\tilde{D}_{\alpha,q}.
It is enough to show  D_{\alpha,q}\leq\tilde{D}_{\alpha,q} since the converse inequality is obtained by the facts
 W^{1,1}(\mathbb{R}^{N})\subset BV(\mathbb{R}^{N}) and ll  \nablaullı  =V(u) for  u\in W^{1} ı  (\mathbb{R}^{N}) . By the definition of  D_{\alpha,q} , for
any  \varepsilon>0 , there exists  u_{0}\in BV(\mathbb{R}^{N}) such that  \Vert u_{0}\Vert_{1}+V(u_{0})=1 and  \Vert u_{0}\Vert_{1}+\alpha\Vert u_{0}\Vert_{q}^{q}>
  D_{\alpha.q}-\varepsilon . As in the proof of Proposition 2.1 (i), we can pick up a sequence  \{u_{n}\}_{n=1}^{\infty}\subset
slWaurbıgs’ele(qn \mathbb{R}uN \inen) \mathbb{N}ces,  at\dot{{\imath}}sfying u arrow u_{0}inL^{1}(\mathbb{R}^{N})and||\nabla u_{71}\Vert,arrow V(u_{0}),
anduptoaweseebytheconvergences o fu_{n}andFatou_ n arrow u_{0}a.e.on\mathbb{R}^{N}.Now1etti g v  := \frac{1.=V(u_{n})u_{n}}{u^{J}s1emma\Vert u_{n}||_{1}+||\nabla u_{n}\Vert_{1}
}\in W^{1.{\imath}}(\mathbb{R}^{N})\backslash \{0\}for




which implies  D_{\alpha q}\leq\overline{D}_{\alpha,q} since  \varepsilon is arbitrary. Thus  D_{\alpha,q}=\overline{D}_{\alpha,q} has been proved.
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Next, we prove that  \tilde{D}_{\alpha,q} is not attained for aıl  \alpha>0 . By Proposition 2.1 (iii),  G\tilde{N}_{q} is
not attained, which yields
 G\tilde{N}_{q}(u)<G\tilde{N}_{q} for all  u\in W^{11}(\mathbb{R}^{N})\backslash \{0\} . (3.1)
By contradiction, assume that  \overline{D}_{\alpha,q} is attained by  u_{0}\in W^{11}(\mathbb{R}^{N})\backslash \{0\} with  \Vert u_{0}\Vert_{1}+
 \Vert\nabla u_{0}\Vert_{1}=1 . Then using Proposition 2.1 (i), Proposition 2.2,  D_{\alpha,q}=\tilde{D}_{\alpha q} and (3.1), we
have
 D_{\alpha,q}=\tilde{D}_{\alpha,q}=\Vert u_{0}\Vert_{1}+\alpha\Vert u_{0}
\Vert_{q}^{q}<\Vert u_{0}\Vert_{1}+\alpha G\tilde{N}_{q}\Vert u_{0}\Vert_{1}^{q-
(q-1)N}\Vert\nabla u_{0}\Vert_{1}^{(q-1)N}
 =\Vert u_{0}\Vert_{1}+\alpha GN_{q}\Vert u_{0}\Vert_{1}^{q-(q-} ı  )NV(u_{0})^{(q-1)N}
 =\underline{\Vert u_{0}\Vert_{1}}(||u0  || ı  + V  (u_{0}))^{q-1}+\alpha GN_{q}\Vert u_{0}\Vert_{{\imath}}^{q-(q-1)N}V(u_{0})^{(q-
1)N}(\Vert u_{0}\Vert_{1}+V(u_{0}))^{q}
 = \frac{(1+\frac{V(u_{0})}{\Vert u_{0}||_{1}})^{q-1}+\alpha GN_{q}
(\frac{V(u_{0})}{\Vert u_{0}||_{1}})}{({\imath}+\frac{V(u_{0})}{\Vert u_{0}
||_{1}})^{q}}(q‐ı)N  =f_{\alpha}( \frac{V(u_{0})}{\Vert u_{0}||_{1}})\leq\sup_{t>0}f_{\alpha}(t)=
D_{a,q},
which is a contradiction. Proof of Theorem 1.3 is complete.  \square 
Lemma 3.2. Let  1<q\leq N^{f} and  \alpha>0 . Assume that  D_{\alpha q} is attained by  u_{0}\in BV(\mathbb{R}^{N})\backslash \{0\}
with  \Vert u_{0}\Vert_{1}+V(u_{0})=1 . Then there exist  R>0 and  x_{0}\in \mathbb{R}^{N} such that  u_{0} is written as
 u_{0}= \frac{N}{\omega_{N-{\imath}}R^{N-1}(N+R)}\chi_{B_{R}(x_{0})}.
Proof. By Proposition 2.2 and the definition of  GN_{q} , we see
  \sup_{t>0}f_{\alpha}(t)=D_{\alpha_{:}q}=\Vert u_{0}\Vert_{1}+\alpha\Vert u_{0}
\Vert_{q}^{q}\leq\Vert  | u0  || ı  +\alpha GN_{q}\Vert u_{0}\Vert_{1}^{q-(q-1)N}V(u_{0})^{(q-1)N}
 = \frac{\Vert u_{0}\Vert_{1}(\Vert u_{0}\Vert_{1}+V(u_{0}))^{q-1}+\alpha GN_{q}
||u_{0}\Vert_{{\imath}}^{q-(q-1)N}V(u_{0})^{(q-1)N}}{(||u_{0}\Vert_{1}+V(u_{0}))
^{q}}
 = \frac{(1+\frac{V(u_{0})}{\Vert u_{0}||_{1}})^{q-1}+\alpha GN_{q}(\frac{V(u0)}
{\Vert u_{0}||_{1}})^{(q-1)N}}{(1+\frac{V(u_{0})}{\Vert u_{0}||_{{\imath}}})^{q}
}=f_{\alpha}(\frac{V(u_{0})}{\Vert u_{0}||_{1}})\leq\sup_{t>0}f_{\alpha}(t) ,
which implies that  u_{0} is a maximizer of  GN_{q} . Then by Proposition 2.ı (ii), we can write
and  V(u_{0})=\lambda R^{N-1}
 u_{0}=\lambda\chi_{B_{H}(x_{0})} for somc \lambda\in \mathbb{R}\backslash \{0\},R>0andx_{0}\omega_{N-{\imath}}, thenorma1ization  \Vert u_{0}||_{1}+V(u_{0})=1 gives \lambda\in \mathbb{R}^{N}.Moreover'since  = \frac{\Vert_{1}--\lambda R^{N}\frac{\omega_{N-1}}{N}N}{\omega_{N-1}R^{N-1}(N+
R)}\Vert u_{0}\square Thus Lemma 3.2 has been proved.
Proposition 3.3. Let  1<q\leq N' and  \alpha>0 . Assume that   \sup_{t>0}f_{\alpha}(t) admitb a uniquc
maximal point  t_{0}>0 . Then for each  x_{0}\in \mathbb{R}^{N} , the function
  \frac{t_{0}^{N}}{\omega_{N-1}N^{N-1}(1+t_{0})}\chi_{B_{\frac{N}{t_{0}}}(x_{0})
} (3.2)
is a maximizer of  D_{\alpha,q} . Moreover, the function (3.2) is a unique maximizer of  D_{\alpha,q} except
for the translation.
Proof. Let  v\in BV(\mathbb{R}^{N})\backslash \{0\} be a maxiluizer of  GN_{q} . Then Proposition 2.1 (ii) implies
 V=\lambda\chi_{B_{R}(x_{0})}fo1 some  \lambda\in \mathbb{R}\backslash \{0\},  R>0 and  x_{0}\in \mathbb{R}^{N} By the assumption, there exists a
maximal point  t_{0}>0 such that   \sup_{t>0}f_{\alpha}(t)=f_{\alpha}(t_{0}) . Take  \lambda_{0}>0 satisfying   \lambda^{\frac{1}{0N}}\frac{V(v)}{||_{l^{1}}||_{1}}=t_{0},
i. e.,
  \lambda_{0}=(\frac{\Vert v||_{{\imath}}}{V(v)}t_{0})^{N}=(\frac{R}{N}t_{0})
^{N} (3.3)
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where we used  || v  || ı  = \lambda R^{N}\frac{\omega_{N-1}}{N} and  V(v)=\lambda R^{N-1}\omega_{N} ‐ı. Let  v_{\lambda_{0}}(x)  :=\lambda_{0}v(\lambda^{\frac{1}{0N}}x) and
 w_{\lambda_{0}}(x):= \frac{v_{\lambda_{0}}(x)}{\Vert v_{\lambda_{0}}||_{1}+V(v_
{\lambda_{0}})}=\frac{\lambda_{0}v(\lambda^{\frac{1}{0N}}x)}{\Vert v||_{1}+
\lambda^{\frac{1}{0N}}V(v)}.
Then by Proposition 2.2, we see
  \sup_{t>0}f_{\alpha}(t)=D_{\alpha,q}\geq\Vert w_{\lambda_{0}}\Vert_{{\imath}}+
\alpha\Vert w_{\lambda_{0}}\Vert_{q}^{q}=\frac{\Vert v\Vert_{{\imath}}}{\Vert 
v\Vert_{1}+\lambda^{\frac{1}{0v}}V(v)}+\alpha\frac{\lambda_{0}^{q-1}||v\Vert_{q}
^{q}}{(\Vert v\Vert_{1}+\lambda^{\frac{1}{0^{N}}}V(v))^{q}}




which implies that  w_{\lambda_{0}} is a maximizer of  D_{\alpha,q} . Moreover, by (3.3), we can compute
 w_{\lambda_{0}}= \frac{t_{0}^{N}}{\omega_{N-1}N^{N-1}(1+t_{0})}
\chi_{B_{\frac{N}{t_{0}}}(\frac{N}{Rt_{0}}x_{0})}.
Hence, the function (3.2) and its translations are maximizers of  D_{\alpha,q}.
Next, we prove that the function (3.2) is a unique maximizer of  D_{\alpha,q} except for the
translation. Assume that  u_{0}\in BV(\mathbb{R}^{N})\backslash \{0\} is a maximizer of  D_{\alpha,q} with  \Vert u_{0}\Vert_{1}+V(u_{0})=1.
TıLen by Lemma 3.2, we can write
 u_{0}= \frac{N}{\omega_{N-1}R^{N-1}(N+R)}\chi_{B_{R}(x_{0})}
for some  R>0 and  x_{0}\in \mathbb{R}^{N} , and then by putting  s_{0}  := \frac{N}{R} , we have
 u_{0}= \frac{s_{0}^{N}}{\omega_{N-1}N^{N-1}(1+s_{0})}\chi_{B_{\frac{N}{s_{0}}}
(x_{0})}.
To compete the proof of Proposition 3.3, it is enough to show  s_{0}=t_{0} . On the contrary,
assume  s_{0}\neq t_{0} . Noting that  u_{0} is a maximizer both of  D_{\alpha_{i}q} and  GN_{q} , we see
 D_{\alpha,q}=  || u0  || ı  +\alpha\Vert u_{0}\Vert_{q}^{q}=\Vert u_{0}\Vert_{1}+\alpha GN_{q}\Vert u_{0}
\Vert_{1}^{q-(q-1)N}V(u_{0})^{(q-1)N}
 = \frac{\Vert u_{0}\Vert_{1}(\Vert u_{0}\Vert_{1}+V(u_{0}))^{q-1}+\alpha GN_{q}
||u_{0}\Vert_{1}^{q-(q-1)N}V(u_{0})}{(||u_{0}\Vert_{1}+V(u_{0}))^{q}}(  q ‐ı)  N
 = \frac{(1+\frac{V(u_{0})}{\Vert u_{0}||_{1}})^{q-1}+\alpha GN_{q}
(\frac{V(u_{0})}{\Vert u_{0}||_{1}})^{(q-1)N}}{(1+\frac{V(u_{0})}{\Vert u_{0}||_
{1}})^{q}}=f_{\alpha}(\frac{V(u_{()})}{\Vert u_{0}||_{1}})=f_{\alpha}(s_{0}) ,
where we used  s_{0}= \frac{V(u_{0})}{\Vert u_{0}||_{1}} , and thus it follows  D_{\alpha q}=f_{\alpha}(s_{0}) . Since  t_{0} is a unique maximal
point of   \sup_{t>0}f_{\alpha}(t) , we have by Proposition 2.2,
 D_{\alpha q}= \sup_{t>0}f_{\alpha}(t)=f_{\alpha}(t_{0})>f_{\alpha}(s_{0})=
D_{\alpha,q},
which is a contradiction. Therefore, there holds  s_{0}=t_{0} . Thus Proposition 3.3 has been
proved.  \square 
Lemma 3.4. Assume one of the following conditions
(i)  1<q< \frac{N+1}{N} and  \alpha>0 , (ii)  q= \frac{N+1}{N} and  \alpha>\alpha_{q}^{*}, (iii)   \frac{N+1}{N}<q<N ’ and  \alpha\geq\alpha_{q}^{*}.
Then   \sup_{t>0}f.(t) has a unique maximal point on  (0, \infty) .
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Proof. Let  1<q<N ’ and  \alpha>0 . Then we can compute
 (1+t)^{q+1}f_{\alpha}'(t)=h(t)
 :=-(1+t)^{q-1}+\alpha GN_{q}(q-1)Nt^{qN-(N+1)}-\alpha GN_{q}(N-q(N-1))t^{(q-
{\imath})N},
and
 h'(t)=-(q-1)(1+t)^{q-2}-\alpha GN_{q}(q-1)N((N+1)-qN)  t (  q ‐ı)  N ‐2
 -\alpha GN_{q}(q-1)N(N-q(N-1))t^{(q-1)N-1}.
(i) Let  1<q< \frac{N+1}{N} and  \alpha>0 . In this case, since  qN-(N+1)<0, we obtain
  \lim_{t\downarrow 0}h(t)=+\infty,   \lim_{tarrow+\infty}h(t)=-\infty and  h'(t)<0 for  t>0 . Hence,  f_{\alpha}'=0 on  (0, \infty)
has a unique solution  t_{0}>0 , and thus  f_{\alpha} is strictly increasing on  (0, t_{0}) , and  f_{\alpha} is strictly
decreasing on  (t_{0}, \infty) . As a result,   \sup_{t>0}f_{\alpha}(t) has a unique maximal point  t_{0}.
(ii) Let  q= \frac{N+1}{N} and  \alpha>\alpha_{q} . In this case, we have
 h(t)=-(1+t)^{\frac{1}{N}}+ \alpha GN_{q}-\frac{\alpha GN_{q}}{N}t and  h'(t)=- \frac{{\imath}}{N}(1+t)^{\frac{1}{v}-1}-\frac{\alpha GN_{q}}{N}
Since   \alpha_{q}^{*}=\frac{1}{GN_{q}} by Proposition 2.2, we see   \lim_{t\downarrow 0}h(t)=-1+\alpha GN_{q}>-1+\alpha_{q}^{*}GN_{q}=0,
  \lim_{tarrow+\infty}h(t)=-\infty and  h'(t)<0 for  t>0 . Hence,  f_{\alpha}'=0 on  (0, \infty) has a unique solution
 t_{0}>0 , and thus  f_{\alpha} is strictly increasing on  (0, t_{0}) , and  f_{\alpha} is strictly decreasing on  (t_{0}, \infty) .
As a result,   \sup_{t>0}f_{\alpha}(t) has a unique maximal point  t_{0}.
(iii) Let   \frac{N+1}{N}<q<N' In this case, we observe   \lim_{t\downarrow 0}h(t)= −ı and   \lim_{tarrow+\infty}f_{\alpha}(t)=0.
Computing
 g(t)= \frac{(1+t)^{q-{\imath}}}{t^{qN-(N+1)}} and  g'(t)= \frac{(1+t)^{q-2}}{t^{(q-1)N}}((N-q(N-1)) t—(qN—(N  + ı))  ) ,
 weseethat\dot{{\imath}}nf_{t>,.0}g(t)hasa unique.rninimaı point t  := \frac{qN-(N+1)}{N-q(N-1),t>0g(t)}>0.Wefirstc iderthec  ase\alpha=\alpha_{q}^{*}ByProposition 2  2,weobserve t  hat\inf=g(t_{0}) is quivalentto
 f_{\alpha_{q}^{*}}(t_{0})=1 . As a result, we can conclude that   \sup_{t>0}f_{\alpha_{\dot{q}}}(t)=1 has a unique maximal point
 t_{0} . Next, we consider the case  \alpha>\alpha_{q}^{*} . In this case, we have   \alpha>\alpha_{q}^{*}=\frac{1}{GN_{q}}\inf_{t>0}g(t)=
  \frac{1}{GN_{q}}g(t_{0}) , which implies  f_{\alpha}(t_{0})>1 . Hence,   \sup_{t>0}f_{\alpha}(t) has a maximal point on  (0, \infty) .
For proving the uniqueness of the maximal point of   \sup_{t>0}f_{\alpha}(t) , we introduce  g_{\beta}(t) with
 \beta>1 by
 g_{\beta}(t):= \frac{(\beta t+\beta-1)(1+t)^{q-1}}{t^{(q-1)N}}
We observe that there hoıds   \lim_{t\downarrow 0}g_{\beta}(t)=\lim_{tarrow+\infty}g_{\beta}(t)=+\infty , and  g_{\beta} is a strictly convex
function on  (0, \infty) . Therefore, for each  \beta>1 , we see that  g_{\beta}=\alpha GN_{q} has at most two
solutions on  (0, \infty) . On the other hand, since  g_{\beta}=\alpha GN_{q} is equivalent to   f_{\alpha}=\beta , we
can conclude that the maximal point of   \sup_{t>0}f_{\alpha}(t) is unique. Thus Lemma 3.4 has been
proved.  \square 
Proof of Theorem 1.4. Proposition 3.3 together with Lemma 3.4 implies the assertion of
Theorem 1.4.  \square 
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